A smooth and bounded interpolant can be constructed in explicit algebraic form within any polygon, convex or concave. The resulting function is not unique and accordingly can be adjusted to satisfy desired global conditions, such as linear fields. The closed-form representation is obtained by combining simple geometric descriptions, such as the side lengths and areas. The interpolant distributes values given at discrete nodes smoothly over the interior of the domain. On a convex polygon, the interpolant is a rational function of the product of areas. On a concave or multiply connected polygon, the interpolant is a function of areas and edge lengths, which introduces a square root term. ‡ Introduction There are many varied applications for a smooth and bounded interpolant. The most straightforward is for computer graphics, for example in rendering and coloring applications [1] . Smoothly distributing color defined at nodes over a domain requires a bounded interpolating function. Interpolants can also be employed as test functions for computational modeling [2] . For the finite element method, they act as shape functions [3, 4] . Similar interpolants have been applied to the analysis of biomedical growth and shape change [5] .
‡ Introduction
There are many varied applications for a smooth and bounded interpolant. The most straightforward is for computer graphics, for example in rendering and coloring applications [1] . Smoothly distributing color defined at nodes over a domain requires a bounded interpolating function. Interpolants can also be employed as test functions for computational modeling [2] . For the finite element method, they act as shape functions [3, 4] . Similar interpolants have been applied to the analysis of biomedical growth and shape change [5] .
Conventional methods for constructing interpolants do not distribute boundary values smoothly over arbitrary polygonal shapes. Most either require a mesh or apply only to very simple geometries [4, 6] . For example, the conventional finite element development does not specifically address concavity; instead, concave domains are tessellated into convex parts. An exception is the R-function construction that applies to any polygonal domain [7] . Unlike the proposed formulation, it can only represent homogeneous boundary conditions.
In general, any function uHx, yL can be approximated as the sum of the products of the value u i at given nodes Hx i , y i L and an interpolant N i Hx, yL:
(1) uHx, yL > ù Hx, yL = ‚ Along any given boundary, only the values given at the end nodes prescribe the behavior along the line segment: (3) ù Ht x i + H1 -tL x j , t y i + H1 -tL y j L = f Hu i , u j , tL.
Within the domain, the interpolants are bounded, normalized between zero and one, and smooth. The interpolant generated is not unique. Any function that satisfies an elliptic operator and the boundary conditions satisfies the interpolant requirements.
Using the same method to construct general bounded interpolants on any polygon, linear interpolants are constructed. A linear interpolant satisfies the additional requirements of boundary linearity: (4) ù Ht x i + H1 -tL x j , t y i + H1 -tL y j L = t u i + H1 -tL u j , and exact reproduction of linear fields: The constant field is satisfied by construction:
In most cases, the linearity requirements do not prescribe a unique interpolant. Therefore additional global conditions, such as higher-order fields, could also be imposed. ‡ Input Data
The interpolant can be constructed on any two-dimensional slice of any polytope, including polygons, polyhedra, or higher-dimensional objects. Accordingly, the dimension of the data must be defined. The examples are in two dimensions.
In [1] 
The list of vertices must also be defined; for example, here is a triangle with three nodes.
In [2] 
Another example is a triangle enclosing a quadrilateral and an interior point.
In [3] For a simple interpolant, the quantity that is going to be distributed smoothly over the domain must be defined at every nodal point. The nodal points not only determine the structure of the domain, they are also the points at which the value being distributed is given. The vertices of the polygon are a subset of the nodal points. Nodal points and interpolation points are one and the same.
‡ Geometric Measures and Support Functions
It is useful to construct the interpolant with respect to geometric measures as opposed to nodal locations. The benefit of such an approach is that it is invariant of coordinate system and dimension.
· The Distance Function
The distance between two points p 1 and p 2 with coordinates Hx 1 , y 1 L and Hx 2 , y 2 L is:
The function can be written as the norm of the vector connecting the points,
The built-in Norm function would be appropriate if the points were represented as complex numbers rather than as pairs of real numbers.
In [4] := norm@a_D := Sqrt@a.aD
· The Signed Area of a Triangle
The area of the triangle with vertices p 1 , p 2 , p 3 with coordinates Hx 1 , y 1 L, Hx 2 , y 2 L, Hx 3 , y 3 L can be defined in terms of the determinant:
The area is signed:
In [5] 
· The Unsigned Area Function
The unsigned area of a triangle can be written in terms of side lengths using Heron's formula:
The resulting area is necessarily nonnegative. The area measure has no physical meaning for a node located on the edge of the domain. In such a case, defining the unsigned area to be one when the signed area is zero allows the concave element shape function routines to apply to elements with side nodes.
In [6] 
· The Angle Functions
The cosine or sine of an angle defined by three vertices can be determined using line lengths and the unsigned area. Care is taken to choose the proper sign for the cosine and sine functions. For the angle b defined by the nodes p, q, r with the angle at q:
The angle b never has to be evaluated. The geometric definitions can be used to define minimum functions. For example, the distance from node p to node q, |pq|, is zero and minimized when p = q and the area, defined by the three nodes p, q, r, is zero and minimized when p is on the line qr. The R-function formulation is similarly dependent on minimum functions [7] .
Define a function of the variable point zHx, yL = 8x, y< that is strictly zero along the line qr:
The equation applies in any dimension. 
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· Linearity
The perimeter function can be modified so that the contour lines are linear along a broken line segment. Four nodal points are required: say, o, p, q, r. Construct a function that is zero along the path pq and linear along the paths op and qr, with angles a = -o pq and b = -pqr. Again define the variable point zHx, yL = 8x, y<:
The functions c 1 Hx, yL, c 2 Hx, yL, and c 3 Hx, yL are defined in terms of AHx, yL and BHx, yL:
Here we combine all the pieces: 88-1, 1<, 8-1, 1<<D & êü  888-1, -2<, 81, 1 ê 2<<, 880, 1<, 81 ê 10, -1 
Algebraic Construction of Smooth Interpolants on Polygonal Domains‡ Interior Points
Points inside the domain are dealt with using the distance function. -.1, -.1<, 81.1, -.1<,  81.1, 1.1<, 8-.1, 1.1<, 80, 0<, 81, 1<, 81, 0<<;  cnct = 881, 2, 3, 4<, 85<, 86<, 87<<;  interior@8x, y<, points, cnct, 1D@@1DD  Show@output@1, HRGBColor@1, 1, H1 -#LD &L, interior, points, cnctD The shape functions for a concave quadrilateral can easily be constructed. The interpolant contains a square root. The branch points of the square root terms add a discontinuity in the gradient of the interpolant. This discontinuity is necessary for the modeling of re-entrant corners. 88-1, -1<, 80, 0<, 81, -1<, 80, 1<<;  cnct = 881, 2, 3, 4<< ; concave@8x, y<, points, cnct, 1D êê Simplify
Algebraic Construction of Smooth Interpolants on Polygonal Domains
In 88-1, -1<, 80, 0<, 81, -1<, 80, 1<<, 881, 2, 3, 4<<D,  output@1, HRGBColor@1, 1, H1 -#LD &L, concave,  880, 1 ê 2<, 81, 0<, 83 ê 2, 1 ê 2<, 8-1 ê 4, 1<, 8-1 ê 2, 1 ê 4<<,  881, 2, 3, 4, 5<<D<D The interpolants for a quadrilateral can be constructed as follows. 88-1, -1<, 80, 0<, 81, -1<, 80, 1<<, 881, 2, 3, 4<<D,  output@1, HRGBColor@H1 -#L, 1, H1 -#LD &L, concaveLin,  880, 1 ê 2<, 81, 0<, 83 ê 2, 1 ê 2<, 8-1 ê 4, 1<, 8-1 ê 2, 1 ê 4<<,  881, 2, 3 The formulation for a concave element applies to any shape. For linearity on a side the area function must be modified. Otherwise, the side node would cause singular behavior along the boundary. This works even with multiple side nodes. 88-1, -1<, 80, -1<, 81, -1<, 80, 1<<, 881, 2, 3, 4<<D,  output@5, HRGBColor@1, H1 -#L, 1D &L, concaveLin,  88-1, -1<, 8-1 ê 3, -1<, 80, -1<, 81 ê 5, -1<, 81, -1<, 81 ê 2 The boundary functions and interior point behaviors can be combined to describe shapes with holes or interior points. Shape functions that apply to separate boundaries and points can be combined. For example, construct a set of interpolants on a multiply connected domain that contains a triangle and two interior points. 88-1, -1<, 81, -1<, 81, 1<, 8-1, 1<, 8-1 ê 2, -1 ê 2<, 81 ê 2,  -1 ê 2<, 80, 1 ê 2<<, 881, 2, 3, 4<, 85, 6, 7<<, 81, 2, 3, 4<D,  output@8, HRGBColor@7 ê 8 H1 -#L, 1, H1 -#LD &L, combPrt,  88-1, -1<, 81, -1<, 81, 1<, 8-1, 1<, 8-1 ê 2, -1 ê 2<,  81 ê 2, -1 ê 2<, 80, 1 ê 2<, 81 ê 2, 1 ê 2<, 8-1 ê 2, 1 ê 2<<,  881, 2, 3, 4<, 85, 6, 7<, 88<, 89<<, 81, 2, 3, 4<D,  output@8, HRGBColor@H1 -#L, 1, H2 ê 3L H1 -# LD &L,  combPrt, 88-1, -1<, 80, -4 ê 5<, 81, -1<, 81, 1<, 8-1, 1<,  8-1 ê 2, -1 ê 2<, 80, 0<, 81 ê 2, -1 ê 2<, 80, 1 ê 2<<,  881, 2, 3, 4, 5<, 86, 7, 8, 9<<, 81, 2, 3, 4<D,  output@7, HRGBColor@7 ê 8 H1 -#L, 5 ê 6 H1 -#L, 1D &L, combPrt,  88-1, -1<, 81, -1<, 81, 1<, 8-1, 1<, 8-3 ê 4, -3 If some of the interpolating functions do not satisfy the same linearity conditions that the convex shape functions satisfy, they can be altered. Given the entire set of interpolating functions N j Hx, yL corresponding to the n nodal points Hx j , y j L and the set of functions R i Hx, yL that correspond to the points Hx i , y i L on the convex hull, the following requirement can be imposed:
When the function aHx, yL is either 1, x, or y, the convex interpolant satisfies the requirement exactly over the m convex hull points:
The functions N i Hx, yL can be modified to ensure linearity: When the points Hx j , y j L are not the convex hull points and p = n -m, boundedness is not necessarily preserved. For example, construct linearized interpolations on a quadrilateral. 88-1, -1<, 80, 0<, 81, -1<, 80, 1<<, 881, 2, 3, 4<<D,  output@1, HRGBColor@H1 -#L, H1 -#L, 1D &L, makeLin,  880, 1 ê 2<, 81, 0<, 83 ê 2, 1 ê 2<, 8-1 ê 4, 1<, 8-1 ê 2, 1 ê 4<< The resulting interpolants are smooth and bounded within their respective domains and the sum of any set of interpolants is one. The functions are linearly independent. Examples of the smooth and bounded behavior of the functions are shown in the figures. The convex polygon shape functions automatically satisfy constant and linear fields. This is not the case for the concave or multiply connected domain representation. Nevertheless, the linearity constraint can be imposed on the representation.
This type of interpolant is distinctly different from the available interpolant and shape function formulations, since each interpolant is constructed to satisfy the required conditions exactly: smoothness, boundedness, linearity on sides, and the linear field conditions. Using this algebraic construction, closed-form interpolants satisfying different field properties can also be derived. ‡ Acknowledgment This research was supported by a National Science Foundation grant (CMS:0202232). We are grateful to the reviewers for their careful reading and many helpful comments.
